TD4 . Numerical elastoplasticity
Local aspects

- Nonlinear problems: elastoplasticity (local aspects)
==> Local integration of the elastoplastic constitutive law
== > Radial return algorithm

- A simple example

- A'Von Mises type model with nonlinear isotropic hardening




TD4: Numerical elastoplasticity
Local aspects

Equilibrium at instant t (weak form)

jg:g(\_/)dgzzj[d.\_/dnjid.\_/dg V veC(0)
Q St Q \vA | e[O,T]

Kinematic conditions: U C(u") (g =u‘ on Su)

Constitutive equations

/g(t): A: g(t)—ﬁp(t)) ) Elasticity
g'p(t): 7}2 Yield function
= oo

kf (g’m)g():; 7>0; f(g,...))?:O/ normality

To be precised :

Yield function - plastic multiplier - complementarity - Elasticity law (A)
- Yield function (f)

- Hardening (isotropic, kinematic)
Initial condition: ﬁp (t=0)=0



TD4 : Von Mises — Isotropic hardening

Assumptions:
- linear isotropic elasticity
- - - . - - /_',.---*"' ~\ '
- Von Mises criterion; plastic rate respects normality law / /71\ N,
- Isotropic hardening \&//
Questions: o =/ 3lls|
S
-For f(g,p)=c"-R(p) prove 2L _32 3
= oo 20" N=y\37%
- Prove y=p S 4 (<))
- Deduce the constitutive equations - - 3
tr(e
_ I e=¢- (=)1
o= 3T +2uK]: (g —;’.‘P} = ktr(g) + 2p(e — c=“.P] Elasticity - - 3 -
flg,p) =0~ R(p) <0 Yield function b= |26 ¢
p .Of 3p . . o 3=F =F
£ = PE(g:P) = goas: P20, ple™ = Rp) =0 | normality

- Linear isotropic hardening: R(p)=h p+ o,



TD4 . Numerical elastoplasticity

ﬁuilibrium at instant t (weak form)

[o:eWdQ= [T vdr+ [ f v ¥ veC(0)
¢ ° e[O,T]

Kinematic conditions: ueC(u®) (u =u* onsu)

Constitutive equations

g = 3T +2uK]: (g —épj = kir(g) + 2p(e - é“.p]

flg.p) =0 = R(p) <0
Of 3p

~

~

Elasticity

Yield function

\\K;P - d_={gp} - Qr;reqé , p=0, p(c™—R(p)) = []/ normality/

flgorlthm compute 8 = {un _n,gz Mo .}at every instant t = t, N
== > Incremental approach (step by step): | knowing S, and (f,_,. Ul IEH gives S, 1
N /




TD4 . Radial return algorithm

cP ag }(t:tn) - and (fn_|_1 _n—|—1 Tn—l—l) (t:tn+1)

Knowing S,, = {uy, £, .8

Equilibrium at instant t=t,, (weak form)

f—r:+1 [ ]dl o [}‘ﬂiﬂ—kl'ﬁdlf_k/t EEP+1'£':]’5r TE'_:LT(H;'
2 ST

Local treatment of the

Knowing: &, and un+41 find 2, ke :
constitutive equatlons

Unt1,9n) — O = Flupt1:Sn . .
TD4 (Un+1, S =n+1 (Un+1;©n) Radial return algorithm
==> Find unt1€ {T(EDE+1)~ R(unt1;0,5,) =0 Yw e C(0)

XR(ER—H;E:' Sﬂ) — [‘F(E?1+1;S ) t[&]dv— / —n lidv—_ /5‘ TE+1 wdS.

Ja
TD5




TDA4 . Radial return algorithm

Knowing: S,, and wp+1 find

(ﬂ-n.—|—1 ; L(.:;ﬂ. ) - g‘ﬂ.—l—l

o
=n-+1

= F (*'_fﬂ.—l—l: Sn )

Local treatment of the
constitutive equations

Radial return algorithm

Constitutive equations

g = ktr(g) + 2p(e — EP)

N — % _ By R
flap)=0%-Rp) <0 £ =53s

p=0

p(o™ — R(p)) =0

Local Local treatment of the constitutive equations:

+ Temporal discretization: t.,,= tn+At

+ Numerical integration = (r) = [_,.,+l

,.I-‘]
<
]

(t, <t<tp.1)

== > Discretization of the constitutive equations

+ Radial return algorithm:
Foragiven Ag, (€,,1=

g, tAg,), compute S, at t .,




TDA4 . Constitutive equations
Discrete version

p=0  ple™—R(p)=0

Numerical integration : t,==> t_,,=t +At

1- Deduce the discretization of the constitutive equations at instant t_,,(implicit scheme)

_ _ P i . ]
(=g, +KTr(Ag )1+ 2u(re —ac”) Constitutive equations

o)
(discrete version)

=N+

f( O a2 Pn +Ap,) = g‘il _(GO + h(pn +Ap, ))S 0

(P)
3S 3
Mgy == AP = 5APN 1 AP, 20 Apf(a P, +Ap,)=0

20

=n+1

2- Radial return algorithm ?

Solve problem (P): for a given 4g, (&,.1 = &, +4¢,), compute S, at instant t=t,,



TDA4 . Radial return algorithm

Elastic prediction:

olas o +xTr(As )1+2uAe

=n+l

5,1 =S, T 2uhe,

f elas elas

n+1 :f( O . pn) = O-r?il _(O-O + hpn)

elas

Convexity of f == > for =f(c>,p,)=2f(c_ . p,+Ap,)

elas
O =0
|f fr(]aJIrals < O ——> =n+1 =n+1
Ap, =0 ; A£: =0

Otherwise, solve ) ;
las Ae® = A \/iN
{O-n-i-l - gifl N Z’UAg: =n Pn 2 =n+l
== >
2 o

if £92°>0 | : with <
S =5% _2.Ag
= §n+1 - \/%Gnﬂﬁnﬂ

n+1

:n—l—l o :n+1

f(g,., Pn+A4p,)=0




TDA4 . Radial return algorithm

Plastic correction:

g ! rA =Ap \/§ A
o =0 -2uAg” &, =Ap, SN
if ff*>0 =™ _eTasl =" with 1 2
§n+1 _§n+1 _2 Ag = gO'eq N
3 ”+1:n+1
f(c .,p,+Ap,)=0

=n+1

.

Wehave S, =S""-2uAs’

It gives \f (@ +3uap, N =5

and, as a consequence N =N

and finally

We obtain 5% = (\f o +2ﬂ\EApnjﬁn+l

elas

elas

eq _
Gn+1 Jn+1 3:UApn

We now write the consistency condition: f (o

=ﬂ+1’

== > solve with respect to

elas

n+1 3:UApn R( pn + Apn) — O

2 T AD,) =

—R(p, +4p,) =0

n+1

For linear isotropic hardenlng:

f elas

Ap. = Nl QQ’
Pn h+3u Q‘c

<Q
§



TD4 : Radial return algorithm - RR_VonMises.m

Summary: radial return algorithm

elas _
) Compute s o

(a
(b) Compute f(o e'as ,pn) and test :

s +2ule (elastic predictor), then o™ and o

n+1

> If f(o e'as pn) < 0 (elastic evolution), solution given by :

elas
—n+1"

.*Tp
=n+1

— _ P

gn—i—l

_>.[

< "
=n

Pnt1 = Pn

> If f(o e'as .Pn) > 0 (elastoplastic evolution) :

(END)

elas,eq
nt1

(i) Solve

a

—3ulp,—

R(pn—k[Xpn):ZO

for Ap,;

(iii) Update variables :

(ii) Compute the increment of plastic strains

3Ap,

20 n+1

elas .
n _elaseq=p41

~P

Zpt1 - Zn - A“

g =0 + Htr(Ag

=n+1

OL+2p(e —

Pn+1 = Pn + Apn
Az7)

elas,eq |
]

ntl

Matlab code: all-elements/RR_VonMises.m

Input

Output

——

(Apn’g +1):

—

DwS=M%ﬁA%52AAJ
Tr(Ag) = Agy, +Agy, +0

De

Plane strain A¢,,

0

= [Deu; Dey,; Degs; DelZ] = [Agn; Agy,, 0; Aﬁlz]—%Tf(Ag)[li LL 0]

- Linear isotropic hardening:

f glas

R(p)=h p+o,

Ap, =

n+1

h+3u

gl

function [Dp,sigma new]

M mu=E/ (2* (14+n1) ) ;

kappa=E/ (3* (1-
vi=[1 1 1 0]'

2*nu) ) ;

trDeps=Deps (1) +Deps (2) ;
De=[Deps (1:2); 0; Deps(3)/2]-1/3*trDeps*vl;
sigma elas=sigma+kappa*trDeps*v1+2*mu*De;
trsigma=sum(sigma elas(1:3));
s elas=sigma elas-1/3*trsigma*vl;
sigeq elas=sqgrt(1.5*...
(s_elas(1)“2+s_elas(2) "2+
s _elas(3)"2+2*s elas(4)"
f elas=sigeq elas-H*p-sigma0;
if (£ _elas=0)
Dp=f elas/(3*mu+H) ;
sigeq new=sigeq_elas-3*mu*Dp;
Depsp=3/2*Dp*s_elas/sigeq elas;
sigma new=sigma elas-2*mu*Depsp;

2) )i

else

Dp=0;

sigma new=sigma elas;
end

=RR VonMises (E,nu,H, sigma0, sigma,p, Deps)

a d° odf of of of

d° df of of

af

ae

trace of incremej
full 3D deviator
elast predicti
volumetric part

ic

elast
deviaf

deviat
eqa_ualenu

if plastic
increment of pla:

new equivalent s

proce

m m

;1
increment over sf




TD4 : Example (see strip_plast.m)

P " u(L.y)=q(t) Ty(L. y)
N . L. - u(—L.y) =Ty (-L.y) =
T (x.£h) = T,(x,£h) =

Exact solution available:

+ plane strain _ _
+ homogeneous solution Material: homogeneous, elastic,

- £y, €,y (Other 0) perfectly plastic (R’(p)=0)
- O, O, (Other 0)

ﬁ:ompute £,y Oxxr Oz SUCh that \ : f

Kinematic admissibility
==> |g,=0/2L : '
Constitutive relation - k
=== > radial return algorithm o e ]
[ - G-o G“mumerique,EOpas)
Eq ul I | brl um I -0 G.u (numerique, 20 pas)

==> — T N L
—— G — I=10 2% 10 3x10 4x10 Sx10 Gx 10
XX
yy :




TDA4 : A simple example

Algorithm (strip_plast.m) |[[| =
'h q(t) _
o € Py known +--‘h ----- L L. § Plane strain
Temporal discretization (loading increment): Aq L rvlv 8 }
T ena-2v)| L
find  O,,8,., =&, AL Pry= Py +AD, 0 0 G-z
Initialization %’ = Aq/ 2L (imposed)

Ag" =68™ |80 = &0 AL2)/ A(2,2)suchas (o°),, = (A:5&™),, =0 (choice)

Radial return algo == >¢'") = F(Az!". S,.) but c©®,, may not be zero !

while o) 0 Se* =0 (imposed)
ALK A1k s Nk S =—(op "+ AL2)%e ) A(2,2) =— oy T A(2,2)

- suchas (o™ + A:5&™),, =0(choice)

Radial return algo == > g_rﬁ)l =F (Agh(k), Sn) Strip_plast.m

Iterate until convergence



TDA4 : A simple example

125 B e
L et 1 El 1 — Vv v 0
i : [A] = v 1 —v 0
@ 075 ; -
2 2229522222229225282222222222228222925335200!
sy 1 5555 TTTC00Co0 000000000000 0000000000000 000D5
= PR
S osl - s Hist
—Ty T 000000000000 0000000 00000000000 000000000000
025 — o, (exach B
e-o G (numerique, 20 pas) b —m r T, R .
&0 0, (numerique, 20 pas) ] for istep=Z:numste B
( AR R Dg=g(istep)-gl(istep-1):
0 1x107 2107 310’ ax10” sx10” ox10™ . A
€ex 1ter=U;
=23 =

[

=y~
'_'.

I =
[
i

S I e B

ol
I

i

=

I

| KO R | K
t

3
= D
- T
(i VI S e/ I S B T |
i
H
+ —
(j -
[
'_I

il

| @ -
I oo —
s+

m -
-l

rig

s=Dqg/ (Z*L)*[1 -nu/(l-nu) 0]':

i
[
0w
i M
rig}
U]
b
I-...;_:
Il
|
L
|_|
o
=]
i

_new(2)* (l+nu)*
(1-2*nu) /(E*(1-nu)) ;

nu [Dp, sigma new]=RR VonMises (E, nu,

H,sigmal,sigma,p, Deps);
resid=abs (sigma new(2)):
1

D
UI
'
K
8
I
I 1
(o
=

. L
il
=
e
i .

- sigma=sligma new;
—4; output (istep, :)=[zigma(l) sigma(3)]:
nd

D



Ex: AVon Mises type model with nonlinear isotropic hardening

- . Geometry : L =0,05m
{ — L Material parameters
. : : Acier 316L) :
1- Repeat the analysis with the yield function (Acier 316L)
f(o,p)=c*— + HpYM E= 200 000 Mpa
(o, p) =% —(o, + Hp"™) Sy
2- Include modifications in RR_VonMisesNL.m G, = 138 Mpa
H =430 Mpa
3- Simulate load path q(t): from 0 up to g5, = L/100 M =455
/ Other Yield functions ... \ _
D Fuc ke I- P rag er 250 _ﬁi,j_rs‘ﬁf't:;é“-:;ﬂ;t::;; Al
f =% — 3aTr(o)—-Hy -o, ol ‘_:;_s‘-"""
/Kinematic hardening ) 1507
f(g.X)=(g-Xf'- o
X 2C£ 5[:";.:-; 5 Numerical g,

+  Numerical o_|
\Qea S—X ) / I R B R

o x 10




DM: A Von Mises type model with nonlinear isotropic hardening

| Geometry : L=5cm
h q(t) )
L Lo X Material parameters
(Acier 316L) :

1- Repeat the analysis with the yield function E= 200 000 Mpa

__ g UM v=0.3
flap=o (O-O AP ) G, = 138 Mpa
2- Include modifications in RR_VonMisesNL.m H =430 Mpa
e M = 4.55
3- Prove the initial yield limit g is |q, = E‘i"‘% | _
Send by mail :
4- Simulate load path q(t) (cycle) - Modified matlab code
1:q(t)= 0 upto  q(t)= 2q, - RR__VonMisesNL.m
2:0) =29 upto  q(t)=-4q, -2 pe;gsétsr I(F;ﬁgl?sc;rzomments
3:q)=-4q, upto q(®)= O and analysis + results
(figures)

5- Simulate several cycles

6- Plot o, In function of ¢,




